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ABSTRACT 
The paper studied the matters of solvability of the second order operator differential equations with multiple 

characteristics on the semi-axis. In the space of Sobolev type W2
2 (R+ ; H) identified conditions that ensured the 

unique and well-posed solvability are of the considered equation which is cleared by its operator coefficients 
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INTRODUCTION  
In aseparable Hilbert Space H, we consider a polynomial operator pencil of the second order 

𝑃(𝜆) = (𝜆𝐸 + 𝐴)2 + 𝜆𝐴1,  (1) 

Where E is the identity operator, 𝐴 is a self-adjoin positively defined operator, and 𝐴1, 𝐴2are linear operator 

unbounded. This equation can associate a polynomial pencil 

𝑄 (
𝑑

𝑑𝑡
) 𝑢 (𝑡) =  𝑓(𝑡)   (2) 

 

In space 𝐿2 (R;H), we denote by 𝐿2 (R;H)(see. [1]) Hilbert space of all vector valued functions defined in R+ = 

[0,+∞) with values ion H, which have the norm  

‖𝑓‖𝐿2(𝑅;𝐻) =  (∫ ‖𝑓(𝑡)‖𝐻
2

+∞

0

𝑑𝑡)

1
2⁄

≺ ∞. 

Now we introduce the following set: 

𝑊2
2(𝑅; 𝐻) = {𝑢(𝑡):

𝑑2𝑢(𝑡)

𝑑𝑡2
∈ 𝐿2(𝑅; 𝐻), 𝐴2𝑢(𝑡) ∈ 𝐿2(𝑅; 𝐻)}. 

With the norm 

‖𝑢‖𝑊2
2([𝑎,𝑏];𝐻) = (‖

𝑑2𝑢

𝑑𝑡2
‖

𝐿2([𝑎,𝑏]:ℎ)

2

+ ‖𝐴2𝑢‖𝐿2([𝑎,𝑏]:ℎ)
2 )

1 2⁄

, 

 

MAIN RESULTS 
Definition 1. If 𝑓(𝑡) ∈ 𝐿2(𝑅; 𝐻) there exists vector valued function 𝑢(𝑡) ∈ 𝑤2

2(𝑅; 𝐻), satisfying equation (2) 

almost everywhere, then it is called a regular solution of equation (2). 

 

Definition  2.  If for any 𝑓(𝑡) ∈ 𝐿2(𝑅; 𝐻) there exists a regular solution 𝑢(𝑡) of equation  (2), and holds the 

inequality. 

‖𝑢‖𝑊2
2(𝑅;𝐻) ≤ 𝑐𝑜𝑛𝑠𝑡‖𝑓‖𝐿2(𝑅;𝐻) 

 

Then we will call the equation (2) regularly solvable. 

 

In the paper we will get the conditions, expressed in the operator coefficients of equation (1), we proved the 

regular solvability of equation (2). 

 

 

Let's introduce the following notations. Calling 𝑄0and 𝑄1the operators acting from the space 𝑤2
2(𝑅; 𝐻)as 

follows: 

𝑄0𝑢(𝑡) ≡ (
𝑑

𝑑𝑡
+ 𝐴)2 𝑢(𝑡), 𝑢(𝑡) ∈ 𝑤2

2(𝑅+; 𝐻) 

𝑄1𝑢(𝑡) ≡ 𝐵
𝑑𝑢(𝑡)

𝑑𝑡
, 𝑢(𝑡) ∈ 𝑤2

2(𝑅+; 𝐻) 
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Theorem 1. The operator 𝑄0is an isomorphism from the space 𝑤2
2(𝑅; 𝐻) to the space 𝐿2(𝑅; 𝐻) 

 

Proof. Taking into account the theorem of intermediate derivatives [2], it is easy to prove that the operator Q0 

acts from 𝑤2
2(𝑅; 𝐻)to 𝐿2(𝑅; 𝐻) be bounded. Using Fourier transforms for the equation 𝑄0𝑢(𝑡) = 𝑓(𝑡), 𝑓(𝑡) ∈

 𝐿2(𝑅; 𝐻), 𝑢(𝑡) ∈ 𝑤2
2(𝑅+; 𝐻) , we obtain  

(𝑖𝜉𝐸 + 𝐴)2𝑢̌(𝜉) = 𝑓(𝜉), 
where 𝑢̃(𝜉) , 𝑓(𝜉) Fourier transform for the functions u(t), f(t), respectively the operator pencil ( i 𝜉𝐸 +A)2 is 

invertible and moreover  

𝑢̃(𝜉)=(i 𝜉E+A)-2𝑓(𝜉). (3)  

Hence,  

u(t) = 
1

2𝜋
∫ (𝑖𝜉𝐸 + 𝐴)

+∞

−∞
-2  dedsesf titi



















0

)( , t∈R. 

we show that u(t) ∈ 𝑤 2
2(R+; H) . by using the parseval equality and (3), we obtain 

 








2

;

2

2

;

2

2
2

; 2

2

2
2 HRL

HRL

HRW
uA

dt

ud
u  

 

 

 
 

 
 








2

;

^
2

2

;

^
2

2
2 HH RLRL

uAu   

   
 

     HfAi
RL

fAi RLA
H

;
2

22

;

22

2








 ≤ 

≤    
 

2

;2

2
22

sup
HRLHHR

fAi



 



+ 

+    
 

2

;2

2
22

sup
HRLHHR

fAiA



 



    (4) 

From the spectral decomposition of the operator A ( denoting by 𝜎(A) the spectrum of operator A) for  𝜖 R 

we have 

      




 22sup22   iAi A
 

 

,1
22

2

sup 



 


 A

        (5) 

  
 

  




 2222

sup  


iAi
A

A  

 

 

.1
22

2

sup 



 


 A

       (6) 

Taking into account (5) and (6) into (4) we obtain : 
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 
 

   
2

;

2

;

2

1
22

2

2

2
HHR RL

tf
L

f
wu



   

. Consequently,    .;
2

2
Htu Rw 

. We finish the proof of the theorem by taking into account the 

Banach theorem of theinverseoperator. 

 

Theorem 2. Let the operators AA
j

j


, 2,1j are bounded on H .Then The operator Q

1
acting from the 

space  .;
2

2
HRw 

 to  .;
2

HRL 
is bounded. 

 

Proof. Since    Htu Rw ;
2

2 
  then bu applying the theorem on intermediate derives  2 , we have 

‖𝑄1𝑢‖𝐿2(𝑅+;𝐻) ≤ ‖𝐴1𝐴−1‖𝐻→𝐻 ‖𝐴
𝑑𝑢

𝑑𝑡
‖

𝐿2(𝑅+;𝐻)
≤ 

≤ 𝑐𝑜𝑛𝑠𝑡‖𝑢‖𝑊2
2(𝑅+;𝐻) 

The theorem is proved  

 

Theorem (1) show that the norm ‖𝑄1𝑢‖𝐿2(𝑅+;𝐻)equivalent in 𝑊2
2(𝑅+; 𝐻)to the norm ‖𝑢‖𝑊2

2(𝑅+;𝐻) therefore, by 

theorem of intermediate derivatives [2] the number 𝑁1 = 𝑠𝑢𝑝0≠𝑊2
2(𝑅+;𝐻) ‖𝐴𝑗 𝑑3−𝑗𝑢

𝑑𝑡3−𝑗 ‖
𝐿2(𝑅+;𝐻)

‖𝑄0𝑢‖−1
𝐿2(𝑅+;𝐻) ,is 

finite. 

 

Let us estimate these values  

 

Theorem 3. 

𝑁1 ≤ 𝑐1where𝑐1 =
1

2
 

Proof 

 Let 𝑄0𝑢(𝑡) =  𝑓(𝑡)and using the Fourier transform we obtain  

‖𝐴 (𝑖𝜉)(𝑖𝜉𝐸 + 𝐴)−2𝑓(𝜉)‖
𝐿2(𝑅+;𝐻)

≤ 𝑠𝑢𝑝𝜉∈𝑅‖𝐴 (𝑖𝜉)(𝑖𝜉𝐸 +        𝐴)−2‖𝐻→𝐻‖𝑓(𝜉)‖
𝐿2(𝑅+;𝐻)

     (7) 

 

Taking into account the spectral decomposition of operator A, we estimate for 𝜉 ∈ 𝑅 the following norms: 

 

  
 

  

  1
2

1

1
sup

sup

0

22

2

2

c
t

t

A

t

iiAii
A



















   (8) 

Substituting from (8) in (7), we have 

     
H

H
RL

fc
RL

fAiiA
;(

^

1
);(

2

2
2

)(







 , 

 

Are equivalent in its turn to the inequalities 

 
 H

H
RL

uc

RL

u
Q

dt

d
A

;0
1

;
2

2





  , 

 

The theorem is proved. 

 

http://www.gjaets.com/


[Ahmed, et al., 5(3): March, 2018]  ISSN 2349-0292 
  Impact Factor 3.802 

http: // www.gjaets.com/© Global Journal of Advance Engineering Technology and Sciences 

 [4] 

Theorem 4. Let the operators AA
1

1


 defined in Theorem3. Then equation inequality ,1

1

11 




HH
AAc

Where c 1̀
 is defined in Theorem 3. Then the equation (2) regularly solvable. 

 

Poof .Cleary that equation (2) can be Written as 

),()()(
10

tftutu QQ           (9) 

Where  Htf RL ;)(
2 

 , Htu RW ;)(
3

2 
 . The operator Q

0
 by Theorem (1) there exists a bounded 

inverse, which acts from  HRL ;
2 

within  HRW ;
2

2 
 . Then after replacing )()(

0
tvtuQ  equation 

(9) can be written as 

).()()(
1

00
tftvE QQ 



 

Now we prove under the theorem conditions that the norm 
   

.1
;;

1

01
22








HH RLRL
QQ  

By theorem (3), we have 

   
 










H

HHHH

RL

u

RL
u

RL
v

dt

d
AAAQQQ

;

1

1
;1

;

1

01

2

22

 

   HHHHHH
j

RL
vc

RL
uc AAQAA ;

1

10

1

1

2

1
21

2
1 11 












  

 

Consequently, 

   
.1

1

1

1
;;

1

01 1

22











HHHH

AAQQ c
RLRL

 

 

Thus, the operator QQE
1

01



  is invertible in  HRL ;
2 

 and hence u(t) can be determined by u(t)=

)(

1
1

01

1

0
tfE QQQ












 , moreover 

     
   ..;;

;;

1

01);(;

1

0);(
22

22

2

22

2

2
HH

HHHHH RL
fconst

RL
f

RLRL

E
RWRLRW

u QQP












 









The theorem is proved. 
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