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Abstract
In this paper we introduce the concept of an interval valued (a,,B) -fuzzy H, -ideal of an H, -ring, which is a

generalization of a fuzzy H, -ideal of an H, -ring. Also we introduce interval valued (e, € vq)-fuzzy H, -ideal

and some of their properties.
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l. Introduction

The algebraic hyperstructures are a suitable
generalization of the classical algebraic structures which
was first initiated by Marty [12]. Since then, hundreds of
papers and several books have been written on this topic.
A short review of which appears in [14]. A recent book on
hyperstructures [15] points out their applications in
geometry, hypergraphs, binary relations, lattices, fuzzy
sets and rough sets, automata, cryptography, codes,
median algebras, relation algebras, artificial intelligence
and probabilities. Vougiouklis [22] introduced a new class

of hyperstructures so-called H,, -structure, and Davvaz
[3] surveyed the theory of H, -structures. The H, -

structures are hyperstructures where equality is replaced
by non-empty intersection.

The concept of fuzzy sets was first introduced
by Zadeh [13] and then fuzzy sets have been used in the
reconsideration of classical mathematics. In particular, the
notion of fuzzy subgroup was defined by Rosenfeld [1]
and its structure was thereby investigated. Liu [23]
introduced the notions of fuzzy subrings and ideals. Using

the notion of “belongingness(e)” and “quasi-
coincidence(q)” of fuzzy points with fuzzy sets, the
concept of (&, 3) -fuzzy subgroup where a, B are any

two of {e,q,evq,E/\q} with o #eAq was
introduced in [17]. The most viable generalization of
Rosenfeld’s fuzzy subgroup is the notion of (e, S \/q) -
fuzzy subgroups, the detailed study of which may be
found in [19]. The concept of an (e,e\/q)-fuzzy
subring and ideal of a ring have been

introduced in [18] and the concept of (e,e \/q)—fuzzy

subnear-ring and ideal of a near-ring have been introduced
in [2]. Fuzzy sets and hyperstructures introduced by
Zadeh and Marty, respectively, are now studied both from
the theoretical point of view and for their many
applications. The relations between fuzzy sets and
hyperstructures have been already considered by many
authors. In [4, 5, 7], Davvaz applied the concept of fuzzy
sets to the theory of algebraic hyperstructures and defined

fuzzy H, -subgroups, fuzzy H, -ideals and fuzzy H, -

submodules, which are generalizations of the concepts of
Rosenfeld’s fuzzy subgroups, fuzzy ideals and fuzzy

submodules. The concept of a fuzzy H, -ideal and H, -
subring has been studied further in [6, 8]. Davvaz [9]
introduced the concept of an interval valued (&, ) -

fuzzy H,-submodule of H, -module. This paper
continues this line of research for interval valued
(a, B)-fuzzy H, -ideal of an H, -ring.

The paper is organized as follows: In Section
2, we first recall some basic definitions and results of H,
-rings and H, -ideals. In Section 3, we extend quasi-

coincidence of fuzzy point in a fuzzy set to quasi-
coincidence of a fuzzy interval value in an interval valued

fuzzy set. Since the concept of an (e, S vq)-fuzzy H,
-ideal generalizes that of an ordinary fuzzy H, -ideal,

some fundamental aspects of such (e, S vq) fuzzy H,
-ideals will be discussed in Section 4. Also we extend the
concept of a fuzzy H, -subgroup with thresholds to the
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concept of interval valued fuzzy H, -ideal with
thresholds.

I. Basic
Definitions

We first give some basic definitions for proving the
further results.

Definition 2.1. [11] Let X be a non-empty set. A
mapping «: X —[0, 1] is called a fuzzy setin X. The

complement of £, denoted by ¢, isthe fuzzy setin X
givenby £°(x)=1-pu(x) VxeX.

Definition 2.2. [20] Let G be a non-empty set and
*:GxG —> 0" (G) be a hyperoperation, where
" (G) is the set of all the non-empty subsets of G.

Where AxB= |J ax*xh, VA BcG.
aeA, beB
The * is called weak commutative if
X*yNy*X#@, VX, yeG.
The * is called weak  associative if

(X*xy)xznx=*(y*z) =@, VX y,2€G.

A hyperstructure (G, *) is called an HV -group if

(i) * is weak associative.

(i) axG=G=xa=G, VaeG

axiom).

Definition 2.3. [20] An H, -ring is a system (R,+,")

with two hyperoperations satisfying the ring-like axioms:

(i) (R+) is an

((x+y)+2)n(x+(y+2))=¢ VX, yeR,

a+R=R+a=R VaeR,;

(ii) (R,-) is an H,-semigroup; (iii)

(+) is weak distributive with respect to (+), that is, for
(X-(y+2)n(x-y+x-2) ¢,
((x+y)-z)n(X-z2+y-2)#¢.

Definition 2.4. [10] Let R be an H, -ring. A nonempty

(Reproduction

H,-group, that s,

all x,y,zeR

subset | of R is called a left (resp., right) H, -ideal if
the following axioms hold:

(i) (1,+) isan H, -subgroup of (R,+),

(i) R-1 <1 (resp,, | -Rc I).

Definition 2.5. [10] Let (R,+,-) be an H,~ring and 1
a fuzzy subset of R. Then g is said to be a left (resp.,
right) fuzzy H, -ideal of R if the following axioms hold:

ISSN 2349-0292

@ min{(X), (Y)}<inff{u(z) : z e X+ y}vx, y eR,

(2) For all X,aeR there exists ye R such that

Xea+y and min{u(a), u(x)} < u(y),
(3) For all X,aeR there exists ze R such that

Xez+a and min{(a), u(X)} < w(z),
@ u(y) <inf{u(z):zex-y} respectively
uX)<inf{u(2):zex-y} vx,yeR.

Definition 2.6. [20] Let x be a fuzzy subset of R . If
there exista t € (0,1] and an X € R such that

t if y=x

#(y) ={ :

0 if y=x
Then g is called a fuzzy point with support X and value
t and is denoted by X, .
Definition 2.7. [20] Let u be a fuzzy subset of R and
X; be a fuzzy point.
(@) 1f p(x)=>t, then we say X, belongs to 4, and
write X, € 4.
(2) 1f p(x)+t>1, thenwesay X, is quasi-coincident
with y7 and write X qu .
)% €VvQu < X € puor Xqu.
()% enqu < x € pand xqu.
In what follows, unless otherwise specified,  and S
will denote any one of & ,Q,ev(q or € A(Q with
o #€ A(, which was introduced by Bhakat and Das [9].

Definition 2.8. [20] Let R be an H, —ring. A fuzzy subset
1 of Rissaidtobean (e, ) —fuzzy left (right) H -
ideals of R if for all t,r € (0,1],

(V) xow, y,ou=>17, pu Vziex+y,

(2)x o, a,au=Y,, Pufor someyeR with
Xea+y,

(B)xau,aau=>17, fu for somezeR with
Xez+a,

(4)yau,xeR=7,u,Vzexy
(xou,y e R=z,u,Vzexy).
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By an interval number @ we mean an
interval [a‘,a*] where 0<a” <a” <1. The set of
all interval numbers is denoted by D [0,1] [43]. We also

identify the interval [a, a] by the number ae[O,l].
For the interval numbers
5 :[ai‘,a;’] e D[0,1],i e, we define

max (&b, | =| max (a, b ), max(a’,b;) |,

min {4, 2}:[m|n(a, .b7), min(a’ ,b,*)],
mfa_[ }supa_[va va}

iel

and put
(1)4, <8, < a <a, and & <aj,
(Z)éilzé,2 <a =4a, and 8 =a,,
(3)i§1<52 <a <da,and & #4,,
(4)ka = [ka_, ka+], whenever 0 <k <1.

It is clear that (D[O,l],s,v,/\) is a
complete lattice with 0 = [0,0] as least element and

1= [1, l] as greatest element.

By an interval valued fuzzy set F on X we
mean the set

F :{<x,[,u;(x),y;(x)]): X e X}. Where
e and g are fuzzy subsets of X such that
e (X)<pi(x)  for all  xeX. Put

X):[,u;(x),,u;(x)]. Then
F={(X,[1F (X)):Xe X}, where
= : X — D[0,1].

If A, B are two interval valued fuzzy subsets of X, then
we define

AcB if and only if for al XeX,

Hn (X) < a5 (X) and g5 (X) < 445 (%),
A=B if and only if for all XeX,
H(X) = g (X) and 3 () = g (X).
Also, the union, intersection and complement are

defined as follows: let A; B be two interval valued
fuzzy subsets of X, then

ISSN 2349-0292

max
AUB = /UA
XeX

45 (), max{y:(xm;(x)}})}

mln
AAB = { A

xe X
{x[l ta (%), 1= 225 ( )}]):XEX}.
Interval valued («, B)-fuzzy H,-

ideals

The concept of Rosenfeld’s fuzzy subgroups
with interval valued membership functions was first
introduced by Biswas in [26]. Davvaz applied this
concept to the theory of fuzzy hyperstructures in [2,
11, 27]. In this section, we extend the
quasicoincidence of fuzzy point in a fuzzy set to the
quasi-coincidence of a fuzzy interval value in an
interval valued fuzzy set as follows:

We first call an interval valued fuzzy set F ofan H, -
ring R of the form

(y)= f({0.0]) y=x,
lu F y [0,0] Y#X,
a fuzzy interval value with support x and interval value
t and denote it by U (X;f). A fuzzy interval value

)otts (¥} min{y;(x»u;(x)}])}

U (X;f) is said to belong to (resp. be quasi-
coincident with) an interval valued fuzzy set F, written
as U (X;f) eF (resp. U (x;f)qF )if [ (X) >f
(resp. [t (X)+E>[11]). 1f U (X;f)e F or
(resp. and) U (X;f)qF then we write
) (X;f) €v(q (resp.€ AQ) F. We use the symbol

ev( that means €\Vv( does not hold. In what

follows, R is an Hv-ring, and o and [ are any one
of €(,eVv( or € AQunless specified. Also, we

/UF ( )]
must satisfy the followmg properties:
[y; (X), 14 (X)] <[0.5,0.5] or

[0.5,0.5] < [,u,; (X) A (X)] forall XxeR.

We now formulate the following definition.
Definition 3.1. An interval valued fuzzy set F of R is

called an interval valued (o, ) -fuzzy H, -ideal of

emphasis here that ,u,: [,uF

Rifforall t,r e (0,1] and X, Y € R, the following
conditions hold:
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(1)U ()

U (z;min {t, })ﬂF forall ze X+,

( ) ( f) F an U(a;f)aF imply
(y,mln{t~ }) some yeR with
Xea+y,

(U (xf)aF and U(aF)aF imply
U(Z;min{f,F}),BF for some zeR with
(IV)U(X;f)aF imply
U (z;F)pF forall zecx.

Let F be an interval valued fuzzy set of R
such that /I (X)<[0.5,0.5], for all xeR. Let

XeRandte (0,1] be such that U (X;f) e ngF.
Then [z (X)=f and /i (X)+E>[11]. 1t
follows that
[L0]< 2 (X)+£ < 2 (x)+.2% (x) = 275 (1)
This implies that /- (X)>[0.5,0.5]. Hence,
{U(x1):U (xT)engF}=g,and

consequently, the case & =€ AQ in Definition 3.1

can be omitted.
We now have the following properties:

(1) Every interval valued (€ v, evq)-fuzzy H, -

and U (y;F)aF imply

Xez+a,

ideal of R is an interval valued (e, € \/q) -fuzzy H,
-ideal of R.

(2) Every interval valued (e,e) -fuzzy H, -ideal of

R is an interval valued (e, € vq) -fuzzy H, -ideal of
R.
(3) For any subset A of R, y, is an interval valued

(e, S \/q) -fuzzy H, -ideal of R if and only if Aisan
H, -ideal of R.
(4) Let F be a non-zero interval valued (a, p ) -fuzzy
H, -ideal of R. Then the set
U (F;[0,0])={xeR: & (x)>[0,0]} is an
H, -ideal.

Let F be an interval valued fuzzy set. For
every te [0,1], the set

ISSN 2349-0292

U (F;f)z{Xe H: (X)Zf} is called the
interval valued level subset of F. An interval valued
fuzzy set F ofan H, -ring R is said to be proper if ImF

has at least two elements. Two interval valued fuzzy
sets are said to be equivalent if they have same family
of interval valued level subsets. Otherwise, they are
said to be non-equivalent.

We note here that for a proper H, -ideal of
the ring R, the proper interval valued (e,e) -fuzzy

H, -ideal F of R with cardimF > 3 can be expressed
as the union of two proper non-equivalent interval
valued (€,€) -fuzzy H, -ideal of R.

IV. Interval valued (eevq)-fuzzy H,-
ideals

Some fundamental aspects of interval valued
(e,evq)-fuzzy H, -ideals of an H,-ring R is

discussed in this section. We first extend fuzzy H, -

ideals to interval valued fuzzy H, -ideals of R. We

start with the following definition:
Definition 4.1. An interval valued fuzzy set F of R is

said to be an interval valued fuzzy H, -ideal of R if it
satisfies the following conditions:

(D)ymin{ . (X), & (y)} <inf {1 (2):ze x+y}
forall X,y €R,

(II) for all X,a € R, there exists Y € R such that

xea+y and min{z. (a), i ()} <z (y),
(III) forall X,a e R, thereexists Z € R such that

Xez+a and min{ﬁF (a), i (X)}S,[t,: (2),

(V) iz (x)<inf{f (z):zecx},for
xeR.

We now proceed to characterize the interval
valued fuzzy H, -ideals by using their level H, -

ideals.
Theorem 4.2. An interval valued fuzzy set F of R is

an interval valued fuzzy H, -ideal of R if and only if
for any [0,0] <f< [l,l],U (F;f)(i ¢) isan H,

-ideal of R.
Now, we introduce the following concept:
Definition 4.3. An interval valued fuzzy set F of R is

said to be an interval valued (e,e \/q)-fuzzy H,-
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ideal of R if for all t,r €(0,1] and X,y €R, the

following conditions are satisfied:

(1Hu (X'f)eF and U(y;F)eF imply

U (z; min {t, f}) evqF forall zex+y,

(1mu (X;f)eF and U (a;F)eF imply

U(y; min {t, I’})e vgF for some yeR with
(III)U( t)eF andU( )eF

imply U(Z min t )equ for some Z€R

with Xez+a, ( ) (;I’)EF imply

U (z;F)evqF forall zec-X.

We first observe that if F is an interval valued
fuzzy Hv -ideal of R according to Definition 4.1, then,
F is an interval valued (e, € \/q) -fuzzy H, -ideal of

R, by Definition 4.3.
We now formulate the following theorem:

Theorem 4.4. The conditions (I)—(IV) in

Definition 4.3 are equivalent to the following
corresponding conditions:

(i)min’ . (). . ().[05,05]

<inf{i (z):zex+y},

X,y €R,

(ii) Forall X,a € R, there exists Y € R such that
Xea+yand

min{z. (a),  (x),[0.5,0.5]} < /i (y).
(iii) For all X,a e R, there exists Z € R such that

XezZ+a and
min{z. (a), & (x),[0.5,0.5]} < fi (),

for all

(iv)min{f (x),[0.5,05]} <inf {7 (z):zec-x},

forall xeR.
Proof. (l ) :>(I) Suppose that X, Y € R. Then, we
consider the following cases:

(a)min{ i (x), i (y)} <[0.5,0.5],
(bymin{z (x), i (y)}2[0.5,0.5].

Case (a): Assume that there exists z € X+Yy such
that /i (2) <min{f (x), . (y),[0.5,0.5]}.
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Then, we have /i (z)<min {,[zF (x), e (y)}
Now, choose t such that

fie (2) <t <min{ i (X), e (y)}. Then, we
can easily see that U (X;f) eF and U (y;f) eF
but U (Z;f)e_\/qF. However, this contradicts (1V).
Case (b): Assume that fi- (Z) < [0.5,0.5] for some
ZeXx+y. Then, U (X;[O.S,O.S]) eF and
U (y;[0.5,0.5])eF, but

U(Z;[O.S,O.S])EF, again  this is a
contradiction. Hence, (iv) holds.
(ll):>(ii) Suppose that X,a€R. We now
consider the following two cases:

(a)min{i (x), i (a)} <[0.5,0.5],
(b)min{z (x), iz (a)} 2[0.5,0.5].
Case (a): Assume that for any Yye€R with
Xea+y. Then, we have

,&F(y)<min{,&F (%), e ( )} Choose t such
that ,[zF(y)<t~<min{,uF( ). it (2 )} and
f+ 7 (y)<[11])- Then, U(xf)eF  and
U(a;f)eF, but U(y;f)evaF, which
contradicts (l1).

Case (b): Assume that forall Yy € R with x e a+y.
Then, we have

fie (y)<min{fi (), & (a),[0.5,0.5]}.
Thus, U (x;[0.5,05])eF and

U (y;[0.5,0.5])
U (y;[0.5,0.5])
Hence, (ii) holds.

(||| ):>(iii) The proof is similar to (ll ) = (ii)
and is consequently omitted.

(IV ) = (iv) Suppose that X € R. We consider the
following cases:

(a) 1 (x)<[0.5,0.5],
(b) 1 (x)=[0.5,0.5].

F, but

e vgF, which contradicts (I1).
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Case (a): Assume that there exists Z € C- X such that
fie (2) <min{ . (x),[0.5,0.5]}. Then, this
implies that fZ (Z) < fi (X). Choose t such that
fe (2)<t< g (x).  Thus,  we  obtain
U (X;t ) eF butU ( )e v(F. This contradicts
(IV).

Case (b): Assume that fi. (Z) < [0.5,0.5] for some

U(x[0505])eF  but
U(Z;[O.S,O.S])JF, again a contradiction.
Hence, (iv) holds.

(i)=(1) et U(x;f)eF and U(y;F)eF.
Then fie (X)>t and g (y)=F. For every
ZeX+Y, we have

fie (2) = min{ fz (), . (y),[0.5,0.5]}
min {,7,[0.5,0.5]}.

min{f,F} >[0.5,0.5],then /. (z)>[0.5,0.5].
This implies that, fi (z)+min{f, F} > [1,1]. If
min {f, 7} <[0.5,0.5], then
A (Z) >min {f, I’} .Therefore,

ZeC-X Then

If

U (z;min{t,F}) e vqF, forall zex+y.

(ii)= (1) Let U(x;f)eF and U (a;F)eF.
Then /i (X) >t and /i (@) > F. Now, for some y
with Xea+ty, we have

fie (y) = min{ fi (a), i (x),[0.5,0.5]} >

n{f r[osos]}

If

This implies that fi (y)+m|n{f F}>[1,1]. If
min {f, F} <[0.5,0.5], then
i (y)=min{t,r}.

U (y; min {t, f}) e vqgF. This shows that (I1)
holds.

(iii):>(||| ) The proof is similar to (ii):>(|| )
and we omit the proof.

Therefore,
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(iv)=(IV) Let U(xF)eF. Then
L (X)Z F. For every ZeC-X, we have
fie (2)=min{ i (x),[0.5,0.5]} > .
min{r,[0.5,0.5]}

F>[0.5,05], then i (z)>[0.50.5]. This
implies that /7 (Z)+F>[1,1] If 7 £[0505]

then fir (z)>F. Therefore, U (Z;F)e vqF, for

all ZecC-X

By Definition 4.3 and Theorem 4.4, we
obtain the following corollary:
Corollary 4.5. An interval valued fuzzy set F of R is

an interval valued (e, IS vq) -fuzzy H, -ideal of R if

and only if all the conditions in Theorem 4.4 hold.
We now characterize the interval valued

(e,e\/q)-fuzzy H, -ideals by using their level -
ideals.
Theorem 4.6. Let F be an interval valued (e, € vq)

-fuzzy H,-ideal of R. Then for all
[0, 0] <f< [0.5, 0.5],U (F;f) is an empty set or
an H, -ideal of R. Conversely, if F is an interval
valued fuzzy set of R such that U (F;f)(;t ¢) is an
H, -ideal of R for all
[0,0] <f< [0.5,0.5],U (F;f), then F is an
interval valued (e, € vq) -fuzzy HV -ideal of R.
Proof. Let F be an interval valued (e, € vq) -fuzzy
H,-ideal of R and [0,0]<f<[0.50.5]. If
x,yeU(F;f), then g (x)=f  and
i (y)=t. Now we have
inf { e (2):z e x+y}=min{i (X), & (y),[0.5,0.5]} >
min{f,[0.5,0.5]} =T

Therefore, for every zeX+Yy, we have
L (Z)Zf or ZeU(F;f),and thereby
X+ycU (F;f). Hence, for every
aeU (F;f), we have a+U (F;f)gU (F;f).
Now, let X,aeU (F;f). Then there exists Y € R
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such that Xea+y and
min{Z. (a), & (x),[0.5,0.5]} < fz (y).
From X, an(F;f), we have ji (X)Zf and

[l (a) >t and consequently,
.t

[0.5,0.5]} <min{z (a), & (x),[0.5,0.5]}
< i (Y)
Hence yeU(F;f),and this leads to
U (F,f)ga+U (F f) Therefore
U (F,f)=a+U (F f) Similarly, ~we  have
U(F f):U(F;f)Jra.Thus
U(F;f)=a+U(F;f)=U(F;f)+a

Let ceR and XeU(F;f), Then ﬂF(X)Zf.
Now we have
inf { . (z):zec-x} 2 min{f (x),[0.5,05]}
min{f,[0.5,0.5]} =f.

Thus, for every Ze€C-X we have ,uF( )2 or

ZeU(F t), and whence C- XCU( ~) This

shows that U (F; ) isindeed an H,, -ideal of R.
Conversely, let F be an interval valued fuzzy
set of R such that U ( )(;t ¢) is H, -ideal of R

for all [0,0]<t £[0.5,0.5], Then, for every

X,Y€R, we can write
fie (X) 2 min{ . (x), i (y),[0.5,0.5]} =1,
Thus we deduce that X,yeU(F;fO), and so
x+ycU(Ff).

ZeXx+Y, wehave /i (z)>f,. Thisimplies that

Therefore, for every

inf {[IF (2):zex+ y} >1,. Hence, in this way,

we can verify condition (1) of Theorem 4.4. In order to
verify  the  second  condition, we  put

t =min {,&F (a), i (X),[O.S,O.S]}, for every
X,a€R. Then, we have X,an(F;f), thus,

there exists Y e U (F;fl) so that X € a+ Y. Since

yeU(Fit) & (y)=t or
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fie (y)=min{ fi (a), i (x),[0.5,0.5]}, the
condition is verified. The third and fourth conditions
can also be similarly verified. Therefore F is an

interval valued (e, IS vq) -fuzzy H, -ideal of R.
A corresponding result can be similarly
deduced when U (F;t) isan H, -ideal of R, for

all [0.5,0.5] < <[1,1].
Theorem 4.7. Let F be an interval valued fuzzy set of
R.Then U ( )(7& ¢) isan H, -ideals of R for all

[0.5,0.5]<t S[ll] if and only if the following
conditions are satisfied:

(1min{ g 1.5, () i 1 (D 0S05T |

tZex+y
forall X,y €R,

(II) Forall X,a € R, there exists ¥ € R such that
Xea+y and

min{ . (a), & (x)} < max{fi (y),[0.5,0.5]},
(III) Forall X,a € R, thereexists Z € R such that
Xez+a and

min {7, <a> 7 (X)) < max {7 (2),[05,08]),
(V) Z (x) <inf {max{ z (z),[05,0.5]} : zc-x{,

forall ceR.
Proof. Assume that U (F;f) isan H, -ideals of R.

If there exist X,Y,Z € R with ze X+ Yy such that
max { fz (2),[0.5,0.5]} < min{z (x), & (y)} =f,
then [0.5, 0.5] <f< [1, l],
A (Z)<f,X,yeU(F;f). Since
X,yeU (F;f) and U (F;f) is an H_ -ideals of
R, x+ycU (F;f) and [ (Z)Zf, for all
Z € X+ Y. This contradicts /i (Z) <{t. Therefore,

min{ z (x), fz ()} < max{ . (z),[0.5,0.5]}
forall X,Y,Z € R with z e X+ Y. This implies that
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max { 7. (z),[0.5,0.5]} :}

min{ . (X), fz (y)} < inf{
Zex+y

forall X,y € R. Hence (i) holds.
Now, we assume that there exist X,,3, € R

such that forall y € R with X, €a,+Y. Then
the following inequality holds:

max { fz (y),[0.5,0.5]} <min{ i (a,), & (%)} =T.

Thes,  [05,0.5] < <[11], %, <U (F:f)

and ,uF( )<t Since  X,,8, eU(F;f) and

( ) is an H,-ideals, there exists
yer( ) such that X, €a,+Y,. From
yOEU(F,tO), we get U(F;t~0)2t~, which

contradicts Therefore for all

Fie (Y, ) <t
X,a € R, there exists Y € R such that xea+y

and

min{z. (a), & (x)} < max {fz (y),[0.5,0.5]}.

This demonstrates that (ii) holds.
The proof of the third condition is similar to
the proof the second condition. If there exist

X,Z,ceR with ZeC-X such  that
max { i (2),[0.5,0.5]} < iz (x)=f, then
[05,05] <t <[11], & (z) <f,xeU (F;f).
Since XeU(F;f) and U(F;f) isan H, -ideal
of R, C'XgU(F;f) and [JF(Z)Zf, for all
ZecC-X, which again contradicts [lF(Z)<f.
Therefore /z. (X) < max{,[z,: (Z),[O.S,O.S]}, for
all X,z,ceR with zZecC-X. This leads to

iz (X) < inf{max{[zF (2),[0.5,0.5]}:z ec-x},

for all X,C € R. Hence condition (iv) is verified.
Conversely, suppose that the conditions (i)—
(iv) hold. We only need to show that U (F;f) is an

H, -ideal of R. For this purpose, we assume that
[05,05]<f<[L1] and x,yeU(F;f) with
aeR. Then
[0.5,0.5] < <min{f (), z (y)}

ISSN 2349-0292

<inf {max{,[zF (2),[0.5,05]}:z e x+ y}

<inf {[IF (2):zex+ y}.ltfollows that for every
zex+Y,[05,05] <t <max{z (z),[0505]},
andso f < ji_ (Z) Thisimpliesthat Z € U (F;f).
Hence X+yeU (F;f). Now, let

x,aeU (F;f). Then by (ii), there exists Y € R
such that Xea+y and

min{z. (a), & (X)} < max {f (y).,[0.5,0.5]}.
To prove YyeU (F;f),we recall  that
[0.5,05] <t < iz (x) <min{ /i (a), fz (X)} <
max { . (y),[0.5,0.5]}.

Hence, it follows that [0.5,0.5] < fi (y), and so
yeU (F;f). Therefore U (F;f) is an H,-
subring of R. Now, assume that
[05,0.5] < <[1.1] xeU(F:f) and
ceR. Then
[05,05] <f < i, (x) < inf {max{[‘F (Z)'[O'F”O'S]}}

1Z€C-X

It follows that for every
zec-x,[05,0.5] <{ <max{z (z),[0.505]},

and so fS[lF (Z) This implies Z €U (F;f), and

hence, C-X €U (F;f).

In [24], Yuan et al. introduced the concept of
a fuzzy subgroup with thresholds which is a
generalization of Rosenfeld’s fuzzy subgroup, and
also the fuzzy subgroup proposed by Bhakat and Das.
Based on [24], we can extend the fuzzy subgroup with

thresholds to the interval valued fuzzy H, -ideals with

thresholds expressed in the following way:

Definition 4.8. Let S,t e [0,1] and §<f. Thenan

interval valued fuzzy set F of R is called an interval

valued fuzzy H,, -ideal with thresholds (5,f) of R if

the following conditions hold:

(1ymin{ . (x), Z (y),T} <inf {max{‘* (Z)’S}},
lZeX+y

forall X,y €R,
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(II ) Forall X,a € R, there exists Y € R such that
Xea+y and

min{ . (a), i (x), T} <max{z. (y).5},
(III ) Forall X,a e R, there exists Z € R such that
Xez+a and

min{ /i (a), - (x).f} < max{ . (z),5}
(IV)min{My),f}smf{ M(»s}}

Zex-y

forall xeR.
If F is an interval valued fuzzy H, -ideal
with thresholds of R, then we conclude that F is an
ordinary interval valued fuzzy Hv-ideal when

S=[0,0],f:[1,1]; and F is an interval valued

—

€,evq)-fuzzy H, -ideal when

5=[0,0],f =[05,0.5]
Now, we characterize the interval valued
fuzzy Hv—ideal with thresholds by using their level

H, -ideals.
Theorem 4.9. An interval valued fuzzy set F of R is
an interval valued fuzzy H, -ideal with thresholds

(§,f) of R if and only if U (F;d)(i ¢) isan H,

-ideal of R for all § <& <f.
Proof. Let F be an interval valued fuzzy H, -ideal

with thresholds (§,f) of R and §<a<t. Let
jra (X) >qa and
i (y)=a. Now, we have
inf {max { 7

tlza>

ax{a,

X,yeU(F;d). Then
(2) §} Zex+y}2min{ﬁp(x),[zF(y),f}z

Hence, for every ZeX+Yy, we have

max{ i (z),§}>a@>§. This implies that
zeU(F;a).

Consequently, we obtain X+Yy cU (F ; d). Now,

L ( ) >a, and  hence

let X,acU (F;o?), then there exists Yy € R such
that Xea+y and

ISSN 2349-0292

<max{z (y).§}.
This  implies  that ,uF(y) a,  hence,

yeU (F;&). Therefore,
U (F;d).=a+U (F;O?), for all
aeU (F;o?). Similarly,we can get
U(F;a)+a=U(F;a), forall an(F a).
Now, let XxeU (F;a) Then, ( ) %
Consequently, we have

inf {max { i (2),5}:zec-x} > min {4 (x).f} 2

min{a,t}>a>5s,
and so, for every ZeC-X, we have

max{[tF(z),§}>07>§. This implies that
fi- (z)=a, and thereby, z€U (F;&). Hence,
C‘XgU(F;&). Thus, U(F;o?) isan H, -ideal

of R, forall § <a <ft.
Conversely, let F be an interval valued fuzzy

set of R such that U (F;&@)(# ¢) isan H, -ideal of

R forall §<a <f. If there exist X,Y,Z € R with
ZeX+y such that

ax { /i (2),8} <min{fi (X), & (y).T} =a,
then §<d£f,ﬂF(Z)<d and
@). since U (F;@) isan H, -ideal
of R and X,yeU(F;d),X+ygU(F;d).

x,yeU(F;

Hence, i (Z) > ¢ forall Z e X+ Y. However, this
i (2)<a.

min{ z (X), fi (y).t} < max{ i (z),§}, for
all X,Y,Z€eR with zex+y. This implies that

min{ﬁp(x),ﬁp(y),f}sinf{max{ﬂ F(Z)’g}},

Zex+y

contradicts Therefore,

for all X,y € R. This proves that the condition (1) of
Definition 4.8 is held.
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Now, we assume that there exist X,, 8, € R

such that for all y € R satisfies X, €a,+Y, the
following inequality is held:

max | i (v),5) < min | (3 ). £ (%€} =

Then S§<a<t,x,a,eU(F;a) and
[JF(Z)<07. Since XO,aOeU(F;d) and
U(F;&) is an H,-ideal, there exists
Yo €U (F;&) such that X,€a,+Y. From
Yo €U (F;a), we get fi(y,)>d. This is
i (Yy) <@

min{ . (a), & (x),T} <max{f (y).§}.
Hence, the condition (I1) of Definition 4.8 is held.
Similarly, we can also prove that condition (I1l) of
Definition 4.8 is held.

If there exist X,Z e R with ZeC-X such
that — max{ (z),5}<min{f (x),f} =4,
then §<d£f,ﬂF(Z)<5{ and XEU(F;O?).

contradicts Therefore,

Since U(F;d) is an H,-ideal of R and

XeU(F;O?),C-XgU(F;o?). Hence
fi= (2)= @ forall Z eC-X. This clearly contradicts
to i (2)<a. Therefore,

min{z. (x),t} <max{ (z),§} for all
X,ze R with zZecC-X. This implies that

min{ﬁF (x),f}sinf{max{[zF (2).5}:2 ec-x}

forall X € R. Hence, condition (1) of Definition 4.8
holds. Thus, we have proved that F is an interval

valued fuzzy Hv—ideal with thresholds (§,f) of R.
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