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ABSTRACT
We introduce some applications of first order differential subordination and superordination to obtain sufficient
conditions for generalized integral operator to satisfy
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INTRODUCTION
Let I be the class of functions analytic in U and H[a, n] be the subclass of H consisting of functions of the form
f(z) =a+a,z" +a,, 2"t + -+~ Let A be the subclass of Fconsisting of functions of the form f(z) = z +
a,z% + ---. Let ® be an analytic function in a domain containing f(U), ®(0) = 0 and @' (0)>0. The function f €
A is called @—like if

SR{ zf'(z)

CD(f(z))

}>0, z e U.

This concept was introduced by Brickman [2] and established that a function f € A is univalent if and only if f is
®-like for some O.
Definition 1.1. Let ® be analytic function in a domain containing f(U), ®(0) =0, ®'(0) = 1 and ®(w) # 0 for ®
€ f(U)-0. Let g(z) be a fixed analytic function in U, q(0) = 1. The function f € A is called ®—like with respect to
qif
zf'(z) @ cu

—— <q(2), Z .

dD(f(Z))
Let F and G be analytic functions in the unit disk U. The function F is subordinate to G, written F < G, if G is
univalent, F(0) = G(0) and F(U) < G(U). In a more general case, given two functions F(z) and G(z), which are
analytic in U, the function F(z) is said to be subordination to G(z) in U if there exists a function h(z), analytic in
U with h(0) =0 and |h(z)| < 1 for all z € U such that F(z) = G(h(z)) for all z € U.

Let ¢:C2 - Cand let h be univalent in U. If p is analytic in U and satisfies the differential subordination
d(p(2),zp'(z)) < h(z) then p is called a solution of the differential subordination. The univalent function q is
called a dominant of the solutions of the differential subordination, p < g. If p and ¢(p(z), zp (z)) are univalent
in U and satisfy the differential superordination h(z) < ¢(p(z),zp’(z)) then p is called a solution of the
differential superordination[6]. An analytic function q is called subordinant of the solution of the differential
superordination if g < p.

Fora; €eC(j=123,...,9)and §;€C—{0,-1,-2,....}  =1,2,3...,5), § <1, the generalized integral

Operator LS ((ay, @3 ..., ag; By, Ba, -, Bs): A > A'is defind as

B)n-1 - o (BsIn-1

(al)n—l.........(aq)n_l
(g<s+1;q,seNy) (1.1

Where (a),, is the Pochhammer symbol defined by (a), = r(ra(_:)n) =a(a+1)..(a+n—-1) for neN =

{1,2,...}and 1 whenn=0
This operator is studied by R.S.Khatu and U.H.Naik [3].

L3 s(ay, az o, ag; Bu Bay -, Bs)f(2) = 2+ Z ( (2-26),_1a,2"
n=0
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For g = s+1 and a,= fBi,....... ,a,= Bs, we note that L% (1,ay, ..., ag; By, Bas B . Bs)f (2) = zf (2) and
L?],S(Z' az, ""aq;ﬁl' ﬁZlﬂ ﬁs)f(z) = f(Z)

It is well known that,

0(1Lg,s(0f1,0fz s @g; Br, Ba ...,,[s’s)f(z) = Z[L‘Zys(oc1 +1,a;...,a4 1, P2 ...,[z’s)f(z)] + (a; — 1)Lg,s(0c1 +
Ly ., ag; By, Bas s Bs) f (2). (1.2)
To make the notation simple, we write,
Lg,s [al]f(z) = LZ,S(ali az ..., aq; ﬁl! ﬁZ! m ﬁs)f(z)
Also we note that, a special case of L  is the Noor integral operator[1].
Definition 1.2. Let f € A. Then f € Sj (the starlike subclass of A) if and
onlyifforze U
z[L8 J[a;1f (2)]'
{ [;,s[ 11 (2)] } >0, neN,
Lq,s[al]f(z)
In order to prove our subordination and superordination results, we need to the following lemmas in the sequel.
Definition 1.3. [5] Denote by Q the set of all functions f(z) that are analytic and injective on U — E(f) where E(f)

= {C € au: ling f(z) = oo} and are such that f'({) # 0 for ¢ € oU — E(¥).

Lemma 1.1. [6] Let q(z) be univalent in the unit disk U and 6 and ¢ be analytic in a domain D containing q(U)
with @(w) # 0 when w € q(U). Set Q(z) := zq’(2)0(q(z)), h(z) := 6(q(z)) + Q(z). Suppose that

1. Q(z) is starlike univalent in U, and

2. ER{Z(;I((Z))} > 0 forz e U.

If 6(p(2)) + zp’(2)o(p(2)) < 0(q(2)) + zq’(2)9(q(z)) Then p(z) < q(z) and q(z) is the best dominant.

Lemma 1.2. [7] Let q(z) be convex univalent in the unit disk U and 3 and ¢ be analytic in a domain D containing

q(U). Suppose that
[1] zq’(2)9(q(2)) is starlike univalent in U, and

9 (@)
——=t > (0 forzeU.
% {Q(Q(Z))}

If p(z) € H[q(0), 1]NQ, with p(U) < D and 3(p(2))+zp’(2)d(z) is univalent in U and 9(q(z)) + zq’(2)$(q(2)) <
3(p(2)) + zp’(2)d(p(2)) then q(z) < p(z) and g(z) is the best subordinant.

SANDWICH THEOREMS
In this section, and by using Lemmas 1.1 and 1.2, we prove the following subordination and superordination
results on the lines of Ibrahim and Darus[4].

Theorem 2.1. Let q(z) # Obe univalent in U such that Zq ( i starlike univalent in U and
« zq11(z)  2q!(2))
sn{1+ a() + 22 q(Z)}>o ,a,yE(CandyiO (2.4)

IffeA satlsfles the subordination
B {z[vé,s[aﬂf(z)]'} + {1 z[Lé,s[aﬂf(znu_zd>’[L2,s[a1]f(z)1} < aq(z) + 4@
] 1

®[LY s[er11f (z) Loslallf@]r  @Lslaslf (2)] q(@)
z[LY s[a, 1f ()]
hen qs—< 2.
the ®[L s[a1 £ (2)] () (2:5)

and q(z) is the best dominant.
L . _ 2L slaalf @1
Proof. Our aim is to apply Lemma 1.1. Setting p(z) = FTERPATEN)

By computation shows that
'@ _ |, llalf @) 29 [slelf ()]
p(Z) [Lg,s[al]f(z)]' q)[l‘q,s[al]f(z)]
which yields the following subordination
P zq'(2)

ap(@) + 2 2@ aq(@) + 2 @

By setting 6(®) = aw and ¢ (o) = ;, v # 0, it can be easily observed that 8(w) is analytic in C and ¢(w) is
analytic in C\{0} and that ¢(®) # 0 when o € C\{0} . Also, by Iettin’g
Q) = 20 () = 2L
q(z)
And h(z) = 8(q(2)) + Q(2) = aq(z) + %, we find that Q(z) is starlike univalent in U and that

a,y€EC
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zh'(2)) 2q"(z) zq'(2)
”{ Q@ } { OO }>°
Then the relation (5) follows by an application of Lemmal 1.
When ®(®) = © in Theorem 2.1, we get the following results
Corollary 2.1. Let q(z) # 0Obe univalent in U. If q satisfies (2.4) and
2[L) s[ay]f (Z)]’} { 2[Lgs[an]f @)]"  z[Lyslan]f ()] } v2q'(2)
“{ FREATIO N R A TF R TIo T TERPATICTE AR Te)

2[L8 slai]f ()]

then < q(z) and q(z) is the best dominant.

19 s[as1f (2)
Corollary 2.2. If f € A and assume that (2.4) holds then
2[L5 s[a1]f (2)]” L4z (A—B)z
[L8,[a,]f(z)]  1+Bz (1+Az)(1+Bz)
implies

Z[Lg,s[%]f(z)]' 1+ Az

< , —1<B<A<1
Lgslalf ()] 1+Bz

and 2% is the best dominant.
1+Bz

Proof. By setting a = vy = 1and q(2): = 1:;\2 where-1<B<A<1

Corollary 2.3. If f € A and assume that (2.4) holds then
Z[Lg,s[%]f(z)]” - 1+z 4 2z
[L2slailf(2)] 1-z 1-—22

implies
2[LS sl 1f ()] - 1+z
Lz,s [(Xl]f(Z) 11—z

And ﬂ is the best dominant.
1+z

Proof By settinga = y = land q(z): = —

Corollary 2.4. If f € A and assume that (2. 4) holds then
2[LY s[ay1f (2)]"
(LG sles 1f (D]

< A% and e?? is the best dominant.

1+ < e 4 Az

Z[L§ slar ]f (D)
13 slaq]f (2)

Proof. By settinga = y = 1and (z):= e®?, |A| < m..

Theorem 2.2. Let q(z) # 0 be convex univalent in the unit disk U. Suppose

Implies

that
m{%q(z)} >0, ayeC forzeU (2.6)
and 2 (? is starlike univalent in U. IfM € H[q(0),1] n Q where f € A,

<I>[L sla1lf(2)]
a{ 2[L3 s [ay] f(z)]]}H{Hz[LS slalf@]” zd>’[L§,s[a1]f(z)1}

®[L s[a1]f (2) (Ll f @] @[L s[ay]f (2)]

is univalent is U and the subordination

v2q' (@) (2Ll @]

q(z) + q(z) a{Cb[qu [a,]f ()]

{1 + z[L q,s[al]f(z)]” zP [Lss[fh]f(z)]}
[L‘Z,s[%]f(z)]' CD[qu[al]f(Z)]

z|Lgs ] (Z),
holds, then q(z) < % 2.7)

and q is the best subordinant.
Proof. Our aim is to apply Lemma 1.2. Setting

p(2) = Z[qu aq f(Z)]
O[L3 o[ ] (2)]
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By computation shows that
2p'(z) _ N z[Lys[anlf@)]"  20'[Lgs[an]f (2)]
p(2) (sl lf (@] O[LGs[es]f (2)]
which yields the following subordination
124 (@) _ vzp (2)

q(z) + 1@ op(z) + 2@

, 0,7y €C.

By setting

I(w) = aw and p(w) = %, vy #0,

it can be easily observed that 9(w) is analytic in C and ¢(w) = % is analytic in C\{0} and that ¢(w) # 0 when

o € C\{0}. Also, we obtain
9'(a@)) _ . (o
" otan) =)o

Then (7) follows by an application of Lemma 1.2.
When ®(0) = o in Theorem 2.2, we obtain the following result
Corollary 2.5. Let q(z) # 0 be convex univalentin U. If f € Aand

vz (@) (7[18lalf @]

WG <“{ PREATIO) }
[ gs[al]f(z)]” Z[qu[al]f(z)]’}

”{” Bolalf@ | Bolalf @)

Then
z[LY 5[y 1f ()]

1@ =1 Talf @

and q(z) is the best subdominant.
Combining Theorems 2.1 and 2.2 in order to get the following Sandwich result

Theorem 2.3. Let ql(z) # 0, g,(z) # 0 be convex univalent in the unit disk U satisfy (6) and (4) respectively.

Suppose that and qu((z)) i = 1,2 is starlike univalent in U. If% € #[q,(0),1] N Q where f € 4,
1

{ (L q.s[al]f(z)] } n }/{1 n Z[qu[al]f(z)]” zP [qu[al]f(z)]}
[Lg.s[al]f(z)] [qu[al]f(z)] DL ,s[al]f(z)]

is univalent is U and the subordination
o+ 24,2 _ o {Z[qu[al]f (Z)]’}
) @ @ "~ ol alf@)]
2[5 [ )f @] 201 [an]f (2)]
”{” Balf @] Pllalf ()]

Y2q,'(2)
q2(2)

} < aq,(2) +
holds, then
Z[Lq slai1lf (@)
q:(2) < 4[0(1]]((2) < q2(2) (2.8)
and g, (z) is the best subordinant and g, (z) is the best dominant.
Combining Corollaries 2.1 and 2.5 in order to get the following Sandwich result
Corollary 2.6. Let q,(z) # 0,q,(z) # 0 be convex univalent in the unit disk U satisfy (6) and (4) respectively.

Z:i(,(z)) i = 1,2 is starlike univalent in U. If%S[Z—l]]:((Z)) € H[q(0),1] n Q where f € A,
i 1

{Z[ q,s[al]f(z)] } N {1 n Z[L slaglf (2)]” _ Z[Lq,s[a1]f(z)] }
Blalf@ J ' T Bualf@]  [slalf @]

is univalent is U and the subordination

Suppose that and

0. (2) + v2q,'(2) < a{Z[Lz,s[%]f(Z)]'}
! q:(2) L slay1f ()
N {1 N Z[L;Z,s [y 1f (z)]"' 3 Z[L;f;,s [a,]f (2)] } (D) + Y24, (2)
[Loslanlf (@] [Lyslailf (2] q92(2)
holds, then
_ Zgslalr@r
q,(2) < —Ls lalf @) q2(2) (2.9)
and g, (z) is the best subordlnant and g, (2) is the best dominant.
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Corollary 2.7. Let the assumption of Theorem 2.3 holds with q,(z) = q,(z) = 1. Then
z[f(z)]'
q:(z) < ) <qz(2)
and q, (z) is the best subordinant and q,(z) is the best dominant.
Proof. By setting ®(w) = w,a = y = 1and§ =0,0, = 2.
Corollary 2.8. Let the assumption of Theorem 2.3 holds. Then
z[f(z)]"
f@)]’

q:(z) <1+ <qz(2)

and q, (z) is the best subordinant and q,(z) is the best dominant.
Proof. By setting ®(w) = w,a = y = 1land§ =0,a; = 1.

Corollary 2.9. Let the assumption of Theorem 2.3 holds with q,(z) # 0, and q,(z) # 0. Then
z[f(2)]
zZ) < < Z
and q, (z) is the best subordinant and q,(z) is the best dominant.
Proof. By settinga = y = 1and 6 = 0,0, = 2.

Corollary 2.10. Let the assumption of Theorem 2.3 holds with q,(z) = q,(z)=1. Then
q:(2) < @] <qz(2)
U T eff(z)] T
and q, (z) is the best subordinant and q, (z) is the best dominant.
Proof. By settinga = y = 1and 8§ =0,a; = 2.
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