% THOMSON REUTERS

[Ghanim et al., 5(12): December, 2018] ISSN 2349-0292
Impact Factor 3.802
GLOBAL JOURNAL OF ADVANCED ENGINEERING TECHNOLOGIES AND
SCIENCES

CONFIRMATION OF THE FERMAT LAST THEOREM BY AN ELEMENTARY
SHORT PROOF
Mohammed Ghanim*
“ Ecole Nationale de Commerce et de Gestion B.P 1255 Tanger Maroc

DOI: 10.5281/zen0do.2222392

ABSTRACT

I give a short elementary proof of the Fermat’s last theorem. Recall that the hard problem of finding an elementary
proof of this famous conjecture (called Fermat last theorem), which says that the Diophante equation x™ + y™ =
z" has, for n > 3, no natural integer solutions x, y, z such that:0 < x < y < z, isopen since 1665(the extinction
date of the French Mathematician Pierre de Fermat (1601-1665)). Recall also that the 1994 proof of the English
Mathematician Andrew Wiles (Born in1953) [13] is not elementary because it uses powerful tools of number
theory and is not short because it takes 100 pages. My proof, taking 13 pages, is based essentially on the
intermediate value theorem, the B. Bolzano (1781-1848)-K. Weierstrass (1815-1897) theorem and the L. Euler
(1707-1783)-J.C.F. Gauss (1777-1855) theorem. My proof uses also some techniques of my previous papers [5],
[6] published by the GJAETS.

KEYWORDS: Fermat last theorem, Intermediate value theorem, Bolzano-Weierstrass theorem, Euler-Gauss
theorem.
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INTRODUCTION
Definition: We call « Fermat last theorem », the following statement: « It does not exist natural integers
x,yand z suchthat: 0 < x <y <z and x™+y"=z", for n a natural integer > 3 ».

History: *This problem has appeared about the fourth century with the Greek mathematician Diophante (325-
410) in his work « Arithmetica » [1] (the problem I1.VI11, page 85), but the problem x2 + y? = z2, has appeared
and was resolved by Euclid, about 300 before J.C, in his famous “Elements” (The Book X)[2]

*About 1621, the French mathematician Pierre Simon de Fermat (1601-1665) writed in the margin of the page 85
of his copy of [1] nears the statement of the famous problem, the following: « J’ai trouvé une merveilleuse
démonstration de cette proposition, mais la marge est trop étroite pour la contenir ». This we can translate as:”I
have discovered a truly remarkable proof which this margin is too small to contain”. But it seems that Fermat has
never published his proof. In any case we don’t know now this proof.

*In 1670, the proof of the case n=4, by Fermat, was published by his son Samuel.

*0On 4 August 1753, L. Euler wrote to Goldbach claiming to prove the Fermat last theorem for n=3, but his proof,
published in his book “Algebra” (1770) is incomplete.

*In 1816, the Paris Sciences Academy devoted a gold medal and 3000 F for who can give a proof of the Fermat
last theorem. This offer was retaken in 1850.

*In 1825, Dirichlet (1805-1859) and Legendre (1752-1833) proved the case n=5.

*Searching a solution to the Fermat last theorem, Marie-Sophie Germain (1776-1831) discovered his “Sophie
Germain theorem”[10] which says that at least one of the positive integers x, y, z such that x? + y? = z? forp >
3 a prime integer, must be divisible by p? if we can find an auxiliary prime q such that:

1) Two none zero consecutive classes modulo g cannot be simultaneously be p-powers

2) p itself cannot be a p-power modulo g

*In 1832, Dirichlet proved the case n=14.
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*In 1839, Lame proved the case n=7

*In 1863, the proof of the case n=3, by Gauss, was published.

*In 1908, The Gottingen University and the Wolfskehl Foundation devoted a price of 100.000 Marks for who can

give a proof of the Fermat last theorem before 2008.

*In 1952, Harry Vandiver used a Swac Computer to show that the Fermat last theorem is true for n< 2000

*Between 1964 and 1994, Jean-Pierre Sere, Yves Hellegouarch and Robert Langlands have given some

development to the problem by working on the representation of the elliptic curves with the modular functions.

* This problem, then, remained open for more than 370 years, (Although many attempts of the more eminent
mathematicians), when in 1994 the English mathematician Andrew Wiles [13] proved it-by a relatively long proof
that has occupied about 100 pages- using powerful tools of humber theory, such the Shimura-Taniyama-Weil
conjecture, the modular forms, the Galoisian representations...

So the problem of finding a short elementary proof of the Fermat last theorem remained open up to now.

*For More and detailed History see on Wikipedia the articles on the Fermat last theorem specially [9] with their
references and the Simon Singh good book “Le dernier théoréme de Fermat” [8].

The note: The present short note gives an elementary short proof of the Fermat’s last theorem. Indeed, using the
intermediate value theorem, the Bolzano-Weierstrass theorem and the Euler-Gauss theorem (which shows the
veracity of the Fermat last theorem for the case:n=3), | show that:vnaninteger >
3Vx,y,zintegers such:0 < x < y < z, we have:|x™ + y™ — z"| > 0.

The paper is organized as follows. The §1 is an introduction giving the necessary definition and some history. The
§ 2 gives the ingredients of the proof. The 83 gives the proof of the Fermat last theorem. The 84 gives the
references of the paper for further reading.

THE INGREDIENTS OF THE PROOF OF FERMAT LAST THEOREM
We will need the following results:

Propositionl: (Euclid (300 before J.C) theorem) ([2], book X) we have:
*for n = 1: the equation x+y=z has an infinite number of solutions.
x = 2abc
*forn = 2: (x,y, z)= (3, 4, 5) is a solution of x2 + y2 =z2, and we can show easily that:{ ¥ = a(b* —¢*) | with
z=a(b®+c?)
a,b,c € N, three natural integers of different parity such that: b > c, are the solutions of: x? + y? = z2

Proposition2: (L.Euler (1707-1783) [3] — J.C.F. Gauss (1777-1855) [4] theorem) (See [7] for a proof).

Vx,y,z € N Suchthat:0 < x <y < z, we have: |x3 +y3 - 23| >0
l.e.: for n = 3, the Diophante equation x3 + y3 = z3 das not have trivial natural integer solutions x,y,z such
O0<x<y<z

Proposition 3 :( Intermediate value theorem [12]) let ¢: [a, b] = R (With: a < b) a continuous function. Then:
@(@)p(b) < 0= 3c €]a,b[ suchthatp(c) =0

Proposition4: (B. Bolzano-K. Weierstrass theorem [11]) any below and above bounded real sequence (t,,), €
[a, b] has a convergent subsequence denoted also (t,,),,, such that: HT t, =t € [a,b]
n—+oo

Proposition5: we have :( 1)tliron+ tin(t) =0
t .
(2) So, we can extend, by continuity at 0, the function: £ (t) = t*. The extension is defined by F(t) = {i i]]: ; i g

Proof: (of the assertion (2) of proposition6)

The result follows because, by using the assertion (1) of proposition5, we have:
lim ¢t = lim e™® = o2+ " = g0 — ¢

t-o0t t-0*

Proposition6: let A a real subset.
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(1)A is bounded above, if:3M € R such that:va € A: a <M
(2) A is not bounded above, if: 3(a,) a sequence of element of A such that:
nl—iHloo On =+
Proof: (of the assertion (2) of proposition6)
*The negation of the assertion (1) of proposition6 is"VM € R3a, € A such that: a, > M". So, in
particular:” vn € N3a,, € A such that: a,, > n".
*The result follows by tending n — +oo.

Proposition7: any none empty, bounded above, part A of N has a maximal element a = max(A) characterized
by:

(laeA
(ilWwxed x<a
(iilja+1¢A

Proposition8: any none empty part B of N has a minimal element b = min(B) characterized by:
(b €B

(il'Vvx e B b <«x

(iilb=0o0rb—1¢B

Proposition9: We have:
(i) For a > 0,a # 1: the derivative of f(t) = a® is f'(t) = a‘ln(a)
(ii) 0<a<leln(a)<0

Proposition10: Ym € N*Va,b € R: a™ — b™ = (a — b) X1t akp™—17k

THE ELEMENTARY SHORT PROOF OF THE FERMAT LAST THEOREM
Theorem: (Fermat last theorem)
vn € N* — {1,2}Vx, y,z € N satisfying 0 < x <y < z,we have: |[x" +y"* —z"| >0
Proof :( of the theorem)
I<x<y<z
O+ Q=1
B = {n € N" such that: Vx, y, z € N satisfying 0 < x < y < z,we have: [x" + y™ — z"| > 0}
It is clear that the theorem is proved if we show that A = {1,2}
Lemmal: The function f(s) = (g)s + (f)s is strictly decreasing on the interval [0, +oo[.
Where:x, y, z are integers such that 0 < x <y < z
Proof: (of lemmal)
*By the assertion (i) of proposition 9, we have:
f'©=¢rm()+&m)
*By the assertion (ii) of lemma9, we have:
0<i<<ism()<m()<o
*So: f'(s) < 0.
*That is f is strictly decreasing on [0, +ool.
Lemma2: A # @
Proof: (of lemma2)
By the Euclid theorem (propositionl): {1,2} c A, so:A # 0
Lemma3: B # @
Proof: (of lemma3)
By the Euler-Gauss theorem (proposition2) we have:3 € B, so:B # 0
Lemma4: Wehave: 1) B=P—-A={nePng¢ A} (Q)ANB=0
Proof: (of lemma4)
The result follows by definition of the sets A and B
Lemma5: We have:
vn € A3x(n), y(n), z(n) integers such that 0 < x(n) < y(n) < z(n)am(n) aninteger >n  Such  that:
Z(n)m(n)—l > y(n)m(n) > x(n)m(n)

Let A = {n € N* such that: 3x, y, z € N satisfying {
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Proof: (of lemmabs)
*Suppose contrarily that:3n € AsuchthatV0 <x <y <z Ym >n:z™ 1 <y™

*We have: Ym > n:z™ 1 <y™ o (m — 1) In(z) < mIn(y) © ::ES %
*So, tending:m — +oo, we have: lim =& = 0@ oy Mg
mo+ooIn(y) In(y) 7 m-o+oom-1

*Thatis:iln(z) <In(y) ie:z<y

*This contradicting our hypothesis “z > y", lemmab5 is proved

Lemma6: The set A is bounded above.

Proof: (of lemma6)

*Suppose that A is not bounded.

*So0, by the assertion (2) of proposition 6:3q,, € A such that: kl_i)r:loo Qi = +oo

*Let: 0 < x(qr) < y(qx) < z(qy) integers such that: (x(q,)) % + (y(qi))* = (z(qx))*
Claiml: We have: z(q;) > v(qi) > x(qx) > qx

Proof: (of claiml)

*By proposition 10, we have:

(@)™ = (2(q0)"™ ~ (@)™ = (2(a0) = ¥(@) Ty (@) (2@ )%
Z?kg (@) (x(q)) e = g (x(qy)) %

*Thatis: x(qx) > qx

*The result follows.

Claim2: We have:

(1) lim z(q,) =+

x(@\m(qy) — Y@\ m(qp) _ .
(2) lim m(z(qk ) kl_l)m(z(qk)) 0, m(qy) > q, given by lemmab.

Proof (of claim2)
(1) The result follows by claim1l.
(2) *By lemma5, we have:am(q;) > qy such that

1 Y (qk) m(q) x(qr) m(qr)

> k k
z(qr) — (Z(Qk)) > (Z( ak) ) >0

* The assertion (1) of claim2, gives the result by tending k = 4+

Claim3: Vk,r € N*3y(qy,r) €]0,1] such that

(x(qk))(y(qk r))y %) m(qk) + (y(qk))(]/(qk r))V(IIk )+rm(qk) =1

) z(qx) z(qx)
Proof: (of claim3)

*Consider on [0, 1] the continuous function:
1
(t) — ( (qk))t +;m(qk) (Y(Qk))t ™m(q) _ 1

z(qr) 2(qr)
*We have:
**(p(O) (jEZk;)(O)rm(qk) + (J’Z((‘Zk)))(o)rm(qk) 1=141-1=1>0
**m(qy) > q; and lem(ma)l > a0 - )
y{dxk qk NAULS X(qk
1 m(dg) 4 mdr) — 1 < +(—% —-1=1—-1=0
P = G+ G Gt Cay

*So0, by the intermediate value theorem (proposition 3), we have:
(0 (1) <0 = 3y(qx r) €]0,1[ Such that'(ﬁ(y(qk,r)) =0
1
*That is:vk, 7 € N*: ("“’k))(y(qm)y(‘“‘ Mm@y 2@y () Tma _
z(qr)
Claim4: (1) We can suppose IHP y(qr,7) =v(qr) € [0,1]
r—>4+0

(2) We can suppose: Jim y(q,) =v €[0,1]
(3)Vk € N*: (x(qk))(y(qk))V(Qk)m(qk) + CY(qk))(y(qk)) m(qk) =1

z(qr)
(4)Vk € N*: V(qk) €]0.1]
(5) If.y = 0, then: klir+n y(g))’a =1
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(6) If:y # 0, then:klirP (v (q)’ 9 =y¥ £ 0

(7) lim (M)(V(qk,))mk)m(qk) lim (X9e2)(r(a0) @ — g
k—+00 2(qk) k—+00 z(qk)
Proof: (of claim4)

(1)By the Bolzano-Weierstrass theorem (proposition 4), because (y(qx, 7)), <]0,1[, this sequence has a
convergent subsequence denoted also (y(qy, 1)), such that: lir+n y(q,7) = v(q) € [0,1]
r—+00

(2) The result is obtained as the assertion (1) of claim4
(3) The result is obtained by tending r — +oo in the relation of claim3
(4)*1f:3k € N* such that: y(qi) = 0 or y(qi) = 1, we have: (y(q,))" ¥ =1
* S0, replacing this value in the relation (2) of claim 4, we have:
x(Px) y(@x)
=
mp) > pe = (o 2(00) 2(00)
*This being impossible, the result follows
(5) (6) are evident.
(7) *The result is obtained by combination of the assertion (2) of claim2 and the assertions (5), (6) of claim 4.
*Indeed:

Y@ = ¥ *Adym(qi) = Y@ym(q) —
llm y(qx) =yY # 0 and llm (Z(qk) kLer(z(qk)) 0

= lim (M)(V(qk))Y(qk)m(pk) = lim (M)(V(Qk))y(qk)m(pk) =0 =0
k—>+00z(qk) k—+o0 "z(qk)

x(Px) y(Pr)
w0 G0

)m(pk) + (——= )m(pk) < (

)pkzl

RETURN TO THE PROOF OF LEMMAG
*Tending k — +oo in the relation (3) of claim 4, with use of the assertion (7) of claim4, we obtain successively:
)Y(‘Zk) )V(Qk)m(qk)) —1= lim (x(qk))(y(qk))Y(Qk)m(qk) +

XD (v(qr)
m (G k—>+oo z(qr)

k—>+oo z(qk)

lim (X92) () Y m gy = 0+0=0
k—+o00 z(qk)
*This being impossible, lemma6 is proved.

Lemma 7: (1) the set A has a maximal element max(4) = m € N* — {1}
2QAc{1,2,...m}={neN,1<n<m}
B)fm+1m+2,...}=neNn=m+1}cB

Proof: (of lemma7)

(1)The result is obtained by combination of proposition 8, lemma2 and lemmas.
(2)The result follows by use of the assertion (1) of lemma7.

(3)The result follows by taking the complementary in the relation (2) of lemma7.
Lemma8: We have:m = 2

Proof: (of lemma8)

The proof of lemma8 will be deduced from the claims below.

Claim5: vn e N*'Vx,y,z,a,b,c integerssuchthat0 <x <y <z and 0<a<b<c¢, VkeNVpeN
36 (p, k) €]0,1[ such that:

S(p, k))5(17 k)+p(| n+l 4 pn+l _ n+1| + %) =(1-68(p k)
Proof: (of claim5)
*Consider, on [0, 1], the continuous function 1 defined by:

1
Y = £ TP(jam 4 B = ) — (1 - 0)
*We have:

1 1
#p(0) = 0P (|a™ L + ™ — ™ 4 — 17 + " — 2+ ) = —(a + Y™ — 2" +) <0

maK) 4 (%) (v(aw)

1- 8(pk)+
P(Ix™ +y" —Z”|+—)

(A 4y — 27| +)

1 1
**1!}(1) — 11+§(|an+1 + bn+1 _ Cn+1| +%) _ Og(lxn + yn _ an + %) — |an+1 + bn+1 _ Cn+1| +%> 0
*S0, by the intermediate value theorem (proposition3), we have:36(p, k) €]0,1[ such that:

(8, k) =0
*That is:36(p, k) €]0,1[ such that:

5(p’ k))d(l? k)+p(| n+i 4 yn+1 n+1| + %) — (1 - 5(p, k))
Claimé: We have:36(k) € [0,1] such that:

1— 6(pk)+
P(Ix™ +y" —Z"I+-)
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6(k)6(k)(|an+1 + bn+1 _ Cn+1| + %) — (1 _ 6(k))1—5(k)(|xn + yn _an +%)
Proof: (of claim5)
*By the Bolzano-Weierstrass theorem (proposition4), we have: the sequence (&(p,k)), (for fixed
k and variable p), being bounded, has a convergent sub-sequence denoted also (5(p,k)), such that:
pl_i)rllw 6(p, k) =6(k) €[0,1]
*S0, tending p — +oo, in the relation of claim5, we have:
(8(k))6(k)(|an+1 + bn+1 _ Cn+1| + %) - (1 _ 6(k))1—6(k)(|xn + yn _ an +%)
Claim7: We have:
(1)3s € [0,1] Such that: &%(|a™™ + b™t — ™) = (1 = )(|x™ + y™ — z7|)
(2)6€[01]=>6%%0and (1-6)'"%#0
Proof: (of claim7)
(1)*By the Bolzano-Weierstrass theorem (proposition 4), we have: the sequence (&(k)),, being bounded, has a
convergent sub-sequence denoted also (8 (k)), such that:
RETm 6(k) =6 €[0,1]
*So, tending k — +oo, in the relation of claim6, we have:
F(&)(la™! +b™t — ™) = F(1 = &)(|x™ + y" — z"|)
¢
Where, with the notation of the assertion (2) of proposition6: F(t) = {; ll}; L; i %
(2)*Then:
*>*§=00r6=1=2F@)=F(1-6)=1
**0<8<1=F()#0andF(1—-6)+#0
Claim8: We have:
(1) neB>n+1€B
2 vn<m:neA=>n+1€A
Proof: (of claim8)
(1)*By the assertions (1) and (2) of claim7, we have:
56(|an+1 + pntl _ Cn+1|) — (1 _ 5)1—8(|xn +yn _ an)
Vx,y,zintegerssuchthat: 0 < x <y < z: [x"+y" —2z"| > 0
§5#0and (1-86)'% =0
= Va, b, c integers such that: 0 < a < b < ¢, we have: |a™*! + b1 — c"*1| > 0
*That is, by definitionof :n€B=n+1€B
(2)* By definition of n, we have: Vn < m
56(|an+1 + pntl Cn+1|) — (1 _ 5)1—6(|xn + yn _ an)
dx,y,zintegerssuchthat: 0 < x <y < z: [x"+y" —2z"| =0
8%+ 0and (1-8)%+0
= da, b, c integers such that:0 < a < b < ¢,we have: |a"*1 + p"*1 — 1| =0
*That is, by definitionof A:vn<m:n€eA=>n+1€4

RETURN TO THE PROOF OF LEMMAS

*We deduce, fromclaim8,thatt A={n e N, 1 <n<m}={12,.m}andB={neN' n>2m+1} ={m+
1Lm+2,..}

*So0, by the Euler-Gauss theorem: 3 € B=3>m+1=>m < 2

*But, by the assertion (1) of lemma7: m > 2

*That is, finally:m = 2.

Conclusion: we have showed that A = {1,2} and, so, that the last Fermat theorem is true.

Remark: | want here to give little amelioration to the references [5] and [6].

The reference [5]: replace in pp 7-8 the under-claim2 and its proof by the following new under-claim2 and its
proof:

Under-claim2: Let n € N* — {1},a,b € P,, , p,q € Py4q) and k, 7 € N*

(1)38(r, k) €]0,1] Such that:

1 1 1 1
@, k) T2+ D) —a—bl+) = (L =80, k) T (2n—p —ql +)
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(2) 36(k) € [0,1] Such that:

5 ®(|2(n+1) —a—bl+) = (1 - 60 2@ (|2n—p — q +3)
(3) 35 € [0,1] Satisfying: 6% # 0 and (1 — §)*~% = 0 such that:
8%(12(n+1) —a—b]) = (1 - 8)(|12n - p — q)

4)C =B

Proof: (of the under-claim2)

(1)The result is obtained by applying the intermediate value theorem on [0, 1] to the continuous function:

t+= 1 1-t+2 1

F© =t (1204 D —a= bl +7) = (1= " (2n—p— g +)
Having:
fO)=—(l2zn-p—ql+3) <0And f(1) = (12(n+ 1) —a—b| +1) >0
(2)The result is obtained, using the Bolzano-Weierstrass theorem, by tending r — 400 in the relation (1) of under-
claim2.
(3)* The result is obtained, using the Bolzano-Weierstrass theorem, by tending k — +oo in the relation (2) of
under-claim2.
*5 €[0,1] = 8% # 0and (1 — §)*7% # 0 (because 0° = 1)
(4)*By the assertion (3), we have:
Vninteger suchthat0 <n<m-2meC=>n+1€C

*Thatis:C =B
The reference [6]: replace, in pp 39-40, the under-claim2 and its proof by the below new under-claim2 and its
proof:

Under-claim2: Letn € N,p,q € Pand k,r € N*
(1)36(r, k) €]0,1] Such that:
(6(1", k))S(r k)+
(2) 38(k) € [0,1] Such that:
S0 (In +1 = [fpll +7) = (1 = 85D (In — [fqll +D
(3) 36 € [0,1] Satisfying: 6% # 0 and (1 — §)*~% = 0 such that:
§(n+1-[/pID =A-8&"(n+1~-[/plD)

1 1 1
"(n+ 1= [Pl + ) = (=80, k) (I = [q]l + )

4)C =8B
Proof: (of the under-claim2)
(1)The result is obtained by applying the intermediate value theorem on [O 1] to the continuous function:

1 1

F@ =% (Jnt 1= [l +7) — (@ = = @l + )
Having:
f0)==(12n—p—ql+3) <0And f(1) = (|2(n+1)—a—b|+%) >0
(2)The result is obtained, using the Bolzano-Weierstrass theorem, by tending » — oo in the relation (1) of under-
claim2.
(3)* The result is obtained, using the Bolzano-Weierstrass theorem, by tending k — +oo in the relation (2) of
under-claim2.
*5 €[0,1] = 8% # 0and (1 — §)*7% # 0 (because 0° = 1)
(4)*By the assertion (3), we have:
Vninteger suchthat0 <n<m-2neC=n+1€C
*Thatis: C =B
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